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The perturbatively calculable short distance QCD potential is known to two loops including the effect of
massive quarks. Recently, a simple approximate solution in momentum space was utilized to obtain the potential
in coordinate space. The latter is important in several respects. A comparison with non-perturbative lattice
results is feasible in the overlap regime using light MS masses. This might be even more promising employing the
concept of the force between the heavy color singlet sources, which can be easily derived from the potential. In
addition, the better than two percent accuracy bottom mass determination from Υ-mesons is sensitive to massive
charm loops at the two loop order. We summarize recent results using exact one loop functions and explicit
decoupling parametrizations.
In analogy to QED, the heavy quark poten-
tial is of central interest in QCD as a measure of
the strong coupling. In the long distance regime
O(1fm) it contains the conning linear tail. With
the inclusion of dynamical quarks on the lattice,
one expects to enter the so called \string break-
ing" regime at distances of O(2fm) yielding the
famous Yukawa potential [1]. At very short dis-
tances ( 0.1fm) one recovers the Coulomb-part
of the potential, modied by loop corrections like
in QED. The overlap region is naturally of con-
siderable interest since non-perturbative eects
might also enter [2] and possibly as a \normaliza-
tion" for lattice calculations. For a direct com-
parison, due to its smaller value, the force [4]
between the static sources is also of special in-
terest. For a recent review of lattice results on
the forces in heavy bound states see Ref. [3].
From a phenomenological point of view, the im-
portance of calculating mass eects in the pertur-
bative part of the heavy quark potential is two
fold. One the one hand, since we are dealing
with a physical system, the corresponding phys-
ical coupling denition (V-scheme) has several
welcome advantages compared to massless (cal-
culational) schemes. V (Q2=m2) is an observable
i.e. the flavor thresholds are analytic, display au-
tomatic decoupling of heavy quarks and it is inde-
pendent of the renormalization scale to the order
we are working. Detailed discussions of the flavor
threshold treatment using analyitc schemes are
contained in Refs. [5{7]. On the other hand, the
two loop mass corrections to the heavy quark po-
tential are important for the better than two per-
cent accuracy determination of the bottom mass
[8]. In this case it is important not to treat the
charm loops as massless but to consider the full
massive calculation. Using the physical -meson
for this purpose, the eect of the mass shift mb
depends on h1sjVF (r; mc)j1si, where 1s de-
notes the 1s ground state wave function of the
-meson and VF the massive fermionic correc-
tions to the potential. Note that in momentum
space one would have an additional integration
since each wave function depends on a dierent
three momentum making the overall calculation
prohibitive.
We begin, by recalling the denition of the
potential through the manifestly gauge invari-
ant vacuum expectation value of the Wilson loop









 j0i of spa-
tial extension r and large temporal extension T
with gluon exchanges between the temporal lines.
The path-ordering is necessary due to the non-
commutativity of the SU(3) generators Ta. In
the perturbative analysis through two loops con-
sidered here, all spatial components of the gauge
elds Aa(r;T=2) can at most depend on a power
2of log T and are thus negligible here. Further-
more, WΓ
T!1−! exp (−iTE0), where the ground
state energy E0 is identied with the potential V .
Thus we arrive at the denition:















Writing the source term of the heavy charges, sep-
arated at the distance r  jr− r0j, as
Ja(x) = igvT
a [(x − r)− (x− r0)] (2)
and neglecting contributions connecting the spa-
tial components, the perturbative potential is
given by











In the above equation v = ;0 due to the purely
timelike nature of the sources. The potential
in momentum space is the Fourier transform of
V (r). It can be calculated directly in momentum
space from the on-shell heavy quark anti-quark
scattering amplitude (divided by i) at the physical
momentum transfer q, projected onto the color
singlet sector. The potential can be used to dene
the eective charge V ( the so-called V-scheme)
through:
V (Q; m)  −4CF V (Q; m)
Q2
(4)
V (r; m)  −CF V (r; m)
r
(5)
where Q2  q2 = −q2 and both expressions
above are related through a Fourier-transform,
i.e. V (r; m) =
R
d3Q
(2)3 V (Q; m) exp(iQr). At
lowest order we obtain therefore the well known
Coulomb potential VC in each representation.
In Ref. [11] the two loop corrections in mo-
mentum space were given in approximate form
based on the reconstructed solutions of the Gell-
Mann Low function with massive quarks obtained
in Ref. [7] from the exact numerical results in Ref.
[12]. In order to render decoupling of heavy fla-
vors with pole mass m explicit one has to use the
decoupling relation [13]:





































It is then useful to write the mass corrections to
the potential in such a way that the light quark
with mass m is included in the evolution of the
strong coupling. Thus the mass corrections van-
ish in the limits m −! 0 and Q2 −! 1. We
nd from the results of Ref. [11] the following
expression:
V NNL(Q; m) = V NNL(Q; 0) + V NNL(Q; m) (7)
where the rst term on the r.h.s. is given in Ref.
[14] correcting an error in the original calculation
of the pure glue part of Ref. [15,16]. Denoting



































































































The tting constants are given by c2 = 0:470:01,
d2 = 1:120:02 with c1; d1 xed by the two condi-






193 in order to ensure exact decoupling
when using relation 6. Eq. 10 can easily be used
to obtain the corresponding results in coordinate
space. Here we nd analogously (with m^ = eγm):































































































where Ei(1; x) =
R1
x
exp(−t)dtt . The relation
Ei(x) + Ei(−x) = P R1
0
exp[(1 − t)x] 2t dt1−t2 is also
useful, with P denoting the principal value pre-
scription. While Eq. 11 vanishes for m −! 0, it
does not for r −! 0. It is a rather interesting fact
that through the Fourier transform of Eq. 10 a
non-analytic1linear mass term is generated which
is furthermore enhanced by a factor 2. It is im-
portant to note that the linear mass term cannot
be obtained by rst expanding Eq. 11 and then
integrating over the dispersion relation variable
x, since it originates from large values of x. This
means it originates from momenta smaller than
the quark mass, i.e. it is of infrared origin. We
1Non-analytic refers here to the fact that Eq. 12 should be
read as being proportional to
√
m2 since this is the only
term entering the momentum space result in Eq. 10.



































In terms of the MS-mass parameter m(), one















in the one loop term to obtain the NNL correc-
tion. The size of the mass corrections relative to
the Born Coulomb potential is displayed in Fig.
1 for the charm quark mass m = 1:5GeV and the
\natural" renormalization scale choice  = 1reγ ,
since the γ terms are generated by the Fourier
transform. In Ref. [17] it is shown that this scale
choice is almost identical to the BLM-scale [18]
and thus consistently absorbs large renormaliza-
tion group logarithms. The two loop running cou-























where we normalize the QCD-scale parameter
QCD such that MS(MZ) = 0:12 which corre-
sponds to QCD = 0:25GeV and we keep nl = 4
xed. The rst two terms of the -function are
gauge invariant and scheme independent in mass-
less renormalization schemes and are given by
0 = 113 CA− 43TF nl and 1 = 343 C2A− 203 CATF nl−
4CF TF nl. In QCD we have CA = 3, CF = 43 and
TF = 12 . The eect is at the several percent level
and increases above 10 % for distances of 0.1 fm
( 0.5 GeV−1). It vanishes for small r since we
are displaying the corrections relative to VC . In
absolute terms we checked numerically that Eq.
12 is reproduced for small distances by the full













Figure 1. The size of the charm-mass corrections
in Eq. 11 relative to the Coulomb potential. The
choice of the natural renormalization scale is in-
dicated in the gure. The distance r between the
sources is in GeV−1.
The inclusion of these charm quark corrections
into a full sum rule determination of the bottom
quark mass in Ref. [19] led to a shift of −30 MeV
and yields mb(mb) = 4:17  0:05 GeV, which in
light of the small error is a signicant contribu-
tion.
Instead of considering the potential, or
V (r; m), it is also of interest to study the cou-
pling F (r; m) = −r2 @(V (r;m)=r)@r which is de-
ned from the force between the static quarks.
In general F (r; m) is smaller than V (r; m) or
even MS( = 1=r) [11], which makes it suitable
as an expansion parameter in perturbative cal-
culations. It is also useful in lattice calculations
[20]. The force is given by F (r; m) = −@V (r;m)@r
and the massless case is taken from Ref. [11]:















































































From Eq. 11 we thus nd for the mass corrections
the following expression:
FNNL(r; m) = −@ log VC(r)
@r






































































































1− c1e−2c2mr − d1e−2d2mr
 #)
(18)
The size of the charm-mass corrections relative to
the Born term is presented in Fig. 2 for the same












Figure 2. The size of the charm-mass corrections
in Eq. 18 relative to the lowest order force from
the Coulomb potential. The choice of the natural
renormalization scale is indicated in the gure.
The distance r between the sources is in GeV−1.
the eect is less than half of that for the mass
corrections to the potential and start to increase
more rapidly at distances over 0.1 fm.
In summary, we have calculated the massive
quark corrections to the static QCD potential in
coordinate space at the two loop level. The re-
sults presented here use the exact one loop vac-
uum polarization functions and a dispersion rela-
tion t based on the results of Ref. [11]. The un-
certainty is estimated at the percentile level from
comparisons with the exact Monte Carlo results
in momentum space of Ref. [12]. For the bot-
tom mass determination, the inclusion of a mas-
sive charm quark in the  potential is signicant
due to two reasons. One factor is that the eec-
tive physical scale depends parametrically on the
charm mass, leading to a large value of the cou-
pling. The other reason originates from the fact
that in the relation between the potential contri-
bution to the static energy and the pole mass,
there is an uncanceled non-analytic linear mass
term [8,19], whose origin is the Fourier transform.
These two eects lead to a shift of −30 MeV and
mb(mb) = 4:17 0:05 GeV. In addition we have
calculated the mass corrections for the force be-
tween two static color charges in a singlet state
at the two loop level. The size of the eect in
general is smaller than for the potential but still
signicant at larger distances. At small distances,
the linear r-independent mass term from the po-
tential drops out and thus leads to smaller cor-
rections in this regime.
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